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Summary 



This thesis consists of Chapters 1 and 2. The main results are contained in the 
two preprints and two published papers, listed below. 

Chapter 1 deals with conformal invariants in the euclidean space R",n > 2, 
and their interrelation. In particular, conformally invariant metrics and balls of the 
respective metric spaces are studied. Another theme in Chapter 1 is the study of 
quasiconformal maps with identity boundary values in two different cases, the unit 
ball and the whole space minus two points. These results are based on the two 
preprints: 

R. Klen, V. Manojlovic and M. Vuorinen: Distortion of two point 
normalized quasiconformal mappings, arXiv:0808.1219[math.CV], 13 pp., 

V. Manojlovic and M. Vuorinen: On quasiconformal maps with identity 
boundary values, arXiv:0807.4418[math.CV], 16 pp. 

Chapter 2 deals with harmonic quasiregular maps. Topics studied are: Preserva- 
tion of modulus of continuity, in particular Lipschitz continuity, from the boundary 
to the interior of domain in case of harmonic quasiregular maps and quasiisometry 
property of harmonic quasiconformal maps. Chapter 2 is based mainly on the two 
published papers: 

M. Arsenovic, V. Kojic and M. Mateljevic: On Lipschitz continuity of 
harmonic quasiregular maps on the unit ball in R"., Ann. Acad. Sci. Fenn. Math. 
33 (2008), no. 1, 315-318. 

V. KOJIC AND M. PavloviC: Subharmonicity o/|/|p for quasiregular harmonic 
functions, with applications, J. Math. Anal. Appl. 342 (2008) 742-746 



CHAPTER 1 



Quasiconformal Mappings 
1. Introduction 

Conformal invariance has played a predominant role in the study of geometric 
function theory during the past century. Some of the landmarks are the pioneering 
contributions of Grotzsch and Teichmiiller prior to the Second World War, and the 
paper of Ahlfors and Beurling |AhB| in 1950. These results lead to farreaching 
applications and have stimulated many later studies [K]. For instance, Gehring and 
Vaisala [G3| . |V1| have built the theory of quasiconformal mappings in M" based 
on the notion of the modulus of a curve family introduced in |AhBj . 

In the first chapter of this dissertation our goal is to study two kinds of confor- 
mally invariant extremal problems, which in special cases reduce to problems due to 
Grotzsch and Teichmiiller, resp. These two classical extremal problems are extremal 
problems for moduli of ring domains. The Grotzsch and Teichmiiller rings are the 
extremal rings for extremal problems of the following type, which were first posed 
for the case of the plane. Among all ring domains which separate two given closed 
sets El and E2, EiH E2 = 0, find one whose module has the greatest value. 

In the general case these extremal problems lead to conformal invariants Xg{x, y) 
and fiG{x,y) defined for a domain G C M" and x,y G G. A basic fact is that 
XGix,yY^^^~"'^ and nci^.y) are metrics. Following closely the ideas developed in 
|Vul| and |Vu2| we study three topics: (a) the geometry of the metric spaces 
(G, d) when d is Xg{x, or jjicix, y), (b) the relations of these two metrics to 

several other metrics and (c) the behavior of quasiconformal mappings with respect 
to several of these metrics. One of our main results is to present a revised version 
of the Chart on p. 86 of |Vul| . taking into account some later developments, such 
as [H], [HV| . [W2] . 

Then we present an application to the geometry of balls in these metrics. As a 
special case we investigate A metric in B'^ \ {0}, continuing work of [H) . 

Another question we address is: if / : {Gi^mCi) — > {G^^mc'^) is uniformly 
continuous {i = 1,2), is {G,mG) — ^ {G',mG') uniformly continuous {G = Gi UG2, 
G' = G[ U G'a)? 

Chapter 1 concludes with displacement estimates for i^-qc mappings which are 
identity on the boundary of G. 

In the second chapter we explore what additional information on a i^'-qc map- 
pings we get if we assume it is also harmonic. We call such mappings hqc-mappings. 
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In case n = 2 we show that hqc map has the same type of moduh of continuity 
on D as on dD. 

A similar, for the Lipschitz case, result is proved on 5". Finally, we show, for 
n = 2, that any hqc map is bilipschitz in quasihyperbolic metric. 

2. The extremal problems of Grotzsch and Teichmiiller 

In what follows, we adopt the standard definitions notions related of quasicon- 
formal mappings from [VI]. 

We use notation _B"(x, r) = G M": \x — y\ < r}, S'""^(a:, r) = {?/ G M": |x — 
y\ = r}, iJ" = {(xi,...,x„) G M": x„ > 0} and abbreviations B"-{r) = S"'(0, r), 
B"" = S-^-\r) = S"-i(0,r) and ^""^ = ^"-^(l). 

For the modulus M(T) of a curve family F and its basic properties we refer the 
reader to |V1 ]. Its basic property is conformal invariance. 

For E,F,G (ZM. let A{E, F, G) be the family of all closed curves joining E to F 
within G. More precisely, a path 7 : [a, 6] -h> M belongs to A{E, F, G) iff 7(a) G E, 
7(6) G F and 7(t) G G for a < t < 6. 

If G is a proper subdomain of M", then for x,y E G with x y we define 

(2.1) AG(x,t/)= inf M(A(a,G,;G)) 

where Gz = 7^[0, 1) and 72 : [0,1) — > G is a curve such that 72(0) = z and 
1z(t) — > dG when t ^ 1, z = x,y. This conformal invariant was introduced by J. 
Ferrand (see |Vu2| ). 

For X G \ {0, Ci}, n ^ 2, define 

(2.2) p(x) = inf M(A(E,F)), 

E .F 

where the infimum is taken over all pairs of continua E and F in M" with 0, ei G E, 
x,oo E F. This extremal quantity was introduced by O. Teichmiiller (see j Vu2j , 

m\) _ 

For a proper subdomain G of M" and for all x,y E G define 

(2.3) i^cix, y) = inf M{A{G^y, dG; G)) 

Cxy 

where the infimum is taken over all continua Gxy such that Gxy = 7[0, 1] and 7 is a 
curve with 7(0) = x and 7(1) = y. For the case G = 5" the function HB"{x,y) is 
the extremal quantity of H. Grotzsch (see |Vu2| ). 

Let (X, di) and (Y, (^2) be metric spaces and let / : X ^ F be a continuous map- 
ping. Then we say that / is uniformly continuous if there exists an increasing con- 
tinuous function u : [0, 00) — >• [0, 00) with to'(O) = and d2{f{x), f{y)) < uj{di{x, y)) 
for all X, ?/ G X . We call the function u the modulus of continuity of / . If there 
exist G, a > such that uj{t) < Gt" for all t > , we say that / is Holder-continuous 
with Holder exponent a . If a = 1 , we say that / is Lipschitz with the Lipschitz 
constant G or simply G-Lipschitz. If / is a homeomorphism and both / and 



2. THE EXTREMAL PROBLEMS OF GROTZSCH AND TEICHMULLER 



7 



are C-Lipschitz, then / is C-bilipschitz or C-quasiisometry and if C = 1 we say 
that / is an isometry. These conditions are said to hold locally, if they hold for each 
compact subset of X . 

A very special case of these are isometries. 

Let {Xi, di) and {X2, 0^2) be metric spaces and let / : Xi — > X2 be a homeomor- 
phism. We call / an isometry if d2{f (x) , f (y)) = di{x,y) for all x,y & Xi. 
In this section we introduce five types of metrics: 

(1) Spherical (chordal) metric q. 

(2) Quasihyperbolic metric A.^ of a domain G C M". 

(3) A metric ja closely related to kc- 

(4) Seittenranta's metric 6g- 

(5) Apollonian metric aa- 

The first one is defined on M" = R"U{oo}. The second and the third ones are defined 
in any proper subdomain G C M"^, both of them generalize hyperbolic metric (on 
j^n jjn-^ arbitrary proper subdomain G CW\ Seittenranta's metric is natural, 
Mobius invariant analogue of the jc-metric. Apollonian metric is defined in any 
proper subdomain G C which boundary is not a subset of a circle or a line. 

2.4. The spherical metric. The metric q is defined by 

k - y\ 



(2.5) q{x,y) 



1 



x\ 



y = 00. 



Absolute (cross) ratio of an ordered quadruple a, b, c, d of distinct points in MP 
is defined 

2.6 a, 6, c, d\ = 

q{a, b) q{c, d) 

Now we introduce distance ratio metric or jc-iTietric. For an open set G C IR", 
G^Wwe define d{z) = d{z, dG) for ^ e G and 

(2.7) joix, y) = log (1 + • !m \\( w 

\ Tii\u{d{x),d{y)} 

for x,y & G. 

For a nonempty ^4 C G we define the jc-diameter of A by 

jaiA) = sup{jG(x, y)\x,y e A}. 

For an open set G (ZW,G^ R", and a nonempty A (Z G such that d{A, dG) > 
we define 

. A^ d{A) 
= diAOGY 
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If p{x) > for x G G, p is continuous and if 7 is a rectifiable curve in G, then 
we define 

Ipil) = pds. 

The EucUdean length of a curve 7 is denoted by /(7). 
Also, for xi, 0:2 G G we define 

(2.8) dp{x,y) = m{lp{^), 

where the infimum is taken over all rectifiable curves from Xi to X2. 
It is easy to show that dp is a metric in G. 
Now we take any proper domain G C M" and set p{x) = -^ij^^q^- 
The corresponding metric, denoted by kc, is called the quasihyperbolic metric in 

G. Since, 

= di^ix)!di^G)) = d(^) = 

for Euclidean isometry ip, 

kG'ix',y') = kcix^y), where G' = v?(G), x' = (p{x), y' = (f{y). 

Now we introduce Seittenranta's metric do |Se| . For more details on Mobius 
transformations in see |B1| . For an open set G C with cardSG ^ 2 we set 

mc{x,y) = sup \a,x,b,y\ 

a,b£dG 

and 

6g{x, y) = log(l + nicix, y)) 

for all x,y E G. 

Consider now the case of an unbounded domain G C M", 00 G dG . Note that if 
a or 6 in the supremum equals infinity, then we get exactly jc metric. This implies 
that we always have jc ^ Sq- 

We will also use Apollonian metric studied by Beardon [B2| . (also see |AVV[ 
7.28 (2)]) defined in open proper subsets G C M" by 

0^0(2;,?/)= sup \og\a,x,y,b\ for all x, ?/ G G. 

a,bedG 

This formula defines a metric iff \ G is not contained in an {n — l)-dimensional 
sphere in M". 

In general, the hyperbolic-type metrics can be divided into length-metrics, de- 
fined by means of integrating a weight function and point-distance metric. 

Another group may again be classified by the number of boundary points used 
in there's definition. So for instance, the j metric is one-point metric, while the 
Apollonian metric is two-point metric. 

2.9. Definition. A domain A C M" is a ring if C{A) has exactly two compo- 
nents, where G{A) denotes the complement of A C M". 
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If the components of C{A) are Cq and Ci, we denote A = R{Co, Ci), Bq = CqHA 
and Bi = Ci n A. To each ring A = R{Co,Ci), we associate the curve family 

= A{Bq, Bi, A) and the modulus of A is defined by mod (A) = M(Ta)- Next, 
the capacity of A is by definition capA = ujn-i{ mod A)^'"^. 

The complementary components of the Grotzsch ring RG,n{s) in M" are B and 
[s-ei, oo], s > 1, while those of the Teichmiiller ring RT^nif) are [— ei, 0] and \t ei, oo], 
t > 0. We shall need two special functions '~in{,s), s > 1, and r„(t), t > 0, to designate 
the moduli of the families of all those curves which connect the complementary 
components of the Grotzsch and Teichmiiller rings in R", respectively. 



2.11. Definition. Given r > 0, we let -R\I/„(r) be the set of all rings A = 
R{Cq, Ci) in with the following properties: 

(1) Co contains the origin and a point a such that \a\ = 1. 

(2) Ci contains oo and a point b such that |6| = r. 

Teichmiiller first considered the following quantity in the planar case (n = 2): 



where the infimum is taken over all rings A G i?\E'n(r) and p{x) is as in (12. 2p . For 
n ^ 3 it was studied in [Glj and in |HVj . 

2.12. Theorem. |Vll Theorem 11.7] The function r„ : (0, oo) — > (0, oo) has the 
following properties: 

(1) Tn is decreasing, 

(2) lim.r^oo T„(r) = , 

(3) \imr-,oTn{r) = oo , 

(4) T„(r) > for every r > 0. 

Moreover, Tn '■ (0, oo) (0, oo) and 7„ : (1, oo) (0, oo) are homeomorphisms. 

From the definition of r„ and from the conformal invariance of the modulus, we 
obtain the following estimate: 

2.13. Theorem. Suppose that A = R{Co,Ci) is a ring and that a,b E Cq and 
c, oo G Ci . Then 



Here equality holds for the Teichmiiller ring, when a = 0,b = — ei,c = tei,t > 
and Cq = [— ei, 0], Ci = [tei, oo). 



(2.10) 




r„(r) = infM(r^) 



mf{p{x) I |x| = r}. 
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2.14. Theorem. Let C C -B" be a connected compact set containing and x, 
where \x\ < 1. Then the capacity of a ring domain with components Cq = C, 
Ci = {x : \x\ ^ 1} is at least 7„(j^). Here equality holds for the ring with the 
complementary components [0, |a;|ei] and M" \ S". 

These theorems state the extremal properties of the Teichmiiller and Grotzsch 
rings and their proofs are based on the symmetrization theorem in |Gll Theorem 

1]- 

3. Moduli of continuity 

In this section we investigate the moduli of continuity of the identity mappings 
idc '■ (G, p) — > (G, d) where p and d are chosen from the set of interesting metrics 
defined on G (like quasihyperbolic metric k, modulus metric n etc.). 

Hence, we are interested in results of type 

(3.1) d{x, y) ^ Cipix, y)) = (pipix, y)), x,yeG. 

We give several estimates of this type, and then we collect these results in a charts 
at the end of this section. 

Note that in our charts we have A^^, as well as in the inequalities of type (I3.ip : 
however reader should be aware that in general A^^ is not a metric. In fact A^'^^ " 
is always a metric. For more details on this matter see | Vu4| . 

It is well known that jai^jy) ^ kcix^y), so Clit) = t- 

3.2. Lemma. Forx,y e G 

kG{x,y)^ log fl+ . f,^ >3G{x,y). 
\ m.m{d[x),d[y)} J 

where m{x,y) = inf{/(7) | 7 «s a curve joining x and y in G}. 

Proof. We may assume < d{x) ^ d{y). Choose a rectifiable arc 7 : [0,s] ^ G 
from X to y, parametrized by arc length: 

7(0) =x, ^{s)=y; 

obviously s ^ \x — y\. For any ^ t ^ s we have 

d{'y(t)) ^ d{x) + t, (a key observation), 

so, 

, , X dt , d(x) + s , d(x) + \x — y\ . , , 

□ 

The reverse inequality is not true in general; domain G such that there is a 
constant c > such that kc ^ cjc is called uniform domain, so in that case 
Cfit) = ct. 
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3.3. Lemma. |Vull Lemma 2.21] Let G be a proper subdomain o/M". If x E G, 

d{x) = d{x, dG) and y e B'^{x, d{x)) = B^, x ^ y, then 

d{x) 



(3.4) >^G{x,y) > y^BA^^y) ^ c„log 

\\x y\ 

where Cn is the positive number in |Vll (10.11)]. There exists a strictly increasing 
function hi : (0, +oo) — > (0, +oo) withlimt^Q^ hi(t) = and lim^^+oo ^i(^) = +oo, 
depending only on n, such that 

/„ X / N ^, frairi\d(x),d(y)}\ 

3.5 Xg{x, y)^hJ ^ ^' , ^'^^ 

\ \x-y\ J 

for x,y E G, X ^ y. If x E G and y G B^{x, d{x)) = B^, x ^ y, then 

d{x) \ ( \ ( 



l-n 



(3.6) ficix^y) ^ I^'bA^^v) = capRc -. r ^ ujn-i log 

From (13. 6p we get fiG{x,y) ^ 7 (^j^r^) for a; G G and y G B^. It is equivalent 
with fiGix,y) ^ 7 (^) where i 



\^-y\ 

d{x) ■ 

We can express jcix^y) in terms of r: r = — 1 and obtain 

1 



l^G{x,y) < 7 
This gives Cj{t) = 7 (^) locally. 



- 1 



3.7. Lemma. |Vull Lemma 2.39] Forn ^ 2 t/zere exists strictly increasing func- 
tion /12 : [0, +cxd) — >• [0, +cxd) with /i2(0) = and limj^+oo ^2(i) = +00 if^i^/i ^/le 
following properties. 

If E is closed and F is compact in then 

(3.8) M{A{E,F)) ^ h^iT)- T = miYi{j^n\E{F) , m^\f{E)] . 
In particular, if G is a proper subdomain ofM."', then 

(3.9) lJ'Gix,y) ^ h2{3kGix,y)) 

for all x,y E G. Moreover, there are positive numbers 61,62 depending only on n 
such that 

(3.10) ijlg{x, y) ^ bikG^x, y) + 62 
for all x,y E G. 

From (IHID we have (^{t) = /i2(3t). 

3.11. Lemma. |Vull Lemma 2.44] If E,F C are disjoint continua, then 
M{A{E,F)) ^ Cnmm{Mn\E{F),M^\FiE)} 
where Cn is a positive number depending only on n. 
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3.12. Corollary. |Vull Corollary 2.46] // E and F are disjoint continua in 
M"- and oo E F, then 

M{AiE,F))^CnMn\p{E). 



3.13. Corollary. fVuil Lemma 6.23] Let G C 6e a domatn G ^ M" and 
connected boundary dG. Then 

(3.14) fiG{a,b) ^ CnjG{a,b) 
holds for a,b E G. If, in addition, G is uniform, then 

(3.15) fXG{a,b)^ BkGia,b) 
for all a,b E G. 

The first part of this corollary gives (i^{t) = -^t if dG is connected. f l3.15p gives 
C^(t) = ct if dG is connected and G is uniform. 

3.16. Lemma. |AVVl Corollary lb.l3]Let G be a proper subdomain o/M", x and 
y distinct points in G and m{x,y) = mm{d{x) , d{y)} . Then 

(3.17) ,„(,,,)^y2,(^). 

From f l3.17p using again r = — 1, r = , we have 

V2T{e^ - 1) ^ Ag, 
and then, since r is decreasing, < t^^ ( ^) from here 



,<log|l + r-',^^_, 



G 



Finally we obtain Ca-i(^) = log ^1 + r ^ 



3.18. Definition. A closed set E in M" is called a c-quasiextremal distance set 
or c-QED exceptional or c-QED set, c G (0, 1], if for each pair of disjoint continua 
Fi,F2CW\E 

(3.19) M(A(Fi, F2; 1^ \ E)) ^ cM(A(Fi, F2)). 

If G is a domain in M" such that M" \ G is a c-QED set, then we call G a c-QED 
domain. 

3.20. Theorem. [Vu3l Theorem 6.21] Let G be a c-QED domain in M". Then 
(3.21) Ag(x, y) ^ ct{s^ + 2s) ^ 2^-"cr(s) 

IdJIiGTS s —— ^~ — ~ 

min{d{x) ,d{y)) 
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From the first inequality in (j3.21l) . taking into account s = e-' — 1, we obtain 



A c r((s + 1)2-1) c r(e2i-l)' 

This gives (t) = - _— for c-QED domain G. 

■' c T[e^^ — 1) 

Combining (I and we estimate A^^ in terms oikc, so = (j oC,l = Cj 
In fact, we have 

A;;^ ^ — --- — - ^ 



^ ^ cr(e2i - 1) ^ cr(e2fc - 1)' 

The fields \ Ca-i? Ca-i obtained in the same fashion as \ namely as 
compositions of appropriate functions (p. We use following inequalities. 



For we have 



cr(e2i - 1) cr(eWcn _ i) cr(e^^' - 1) 



where the second inequality follows from (13 .Mp and where b 
For we have 

kc ^ cJg ^ clog (^1 + r"^ 

and for Cf-i we have 



_2_ 

Cn ' 



^ 7 I — ^ ) ^ 7 



log( 1 + T-1( ^ , , 



7 



r-1 



3.22. Theorem. [SH Theorem 3.4] T/ze inequalities jc ^ 5g ^ 2jG /ioW for 
every open set G C M". 

So, we deduce that Q{t) = t and (^{t) = 2t. 

3.23. Theorem. [Sel Theorem 4.2] iet G C M" 5e a convex domain, then 
3g ^ «G. 

This means that CLif) = t ^ov convex domains. 

3.24. Theorem. [Sei Theorem 6.2] Let G be a domain in R", for which card dG ^ 
2 and dG is connected. Then, for distinct points x,y G G, 



o5G(x,y) _ 

Solving for and using a fact that r„ is decreasing we get: 
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and from here 

5G{x,y) ^ log ( 1 + ^ TT ) . 

Hence, Ctit) = log ( 1 H — ^77-7 ) if dG is connected and has at least two points. 

3.25. Theorem. [Sel Theorem 6.5] Let G he a domain with card dG ^ 2. 
Then 

XG[x,y) ^ r„ 
Expressing jj^c in terms of 6g we get: 

>^Gix,y) ^ r„ 

and from here we obtain 

fc(.,y)«log(l + 2.-' (^^^ 

This means that Ca-i(^) — ^^S + '^^n^ (*)) domains with card(dG) > 2. 

At first, we give a 4 x 4 chart. 





Jg 








JG 


1 


2 

Q{t) = ct 
G - uniform 

W = ^{t) 

G - ({) domain 


3 

c;(t) 

"(e-l) 
locally 


cr'w 

1 

cr(e^* — 1) 

G - c-QED domain 


kc 


5 

cm=t 


6 


7 

cn^) = hm 


8 

Cfc = cf 


f^G 


9 

dG connected 


10 

Ct.it) = c-t 

(jjiniform 
aG connected 


11 


12 

G - C-QED do- 
main 

dG connected 


^g' 


13 

CUit) 

1°^^ 


14 

CU = CU ° c 

G uniform 


15 

locally 
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Function Cj* can be written in a different form using the estimate of 7 function. 
We define functions $ and \1/ as in |Vu2l 7.19] by 

(3.26) 7n(s) = a;„_i(log($(s)))"-\ s > 1 

(3.27) r„(t) = ^„_i(log(^(t)))"-\ t > 0. 

3.28. Lemma. |Vu2l Lemma 7.22] For each n ^ 2 there exists a number A„ G 
[4,2e"-^), As = 4, smc/i that 

(3.29) t ^ $(t) ^ Ant, t > 1 

(3.30) t + 1 ^^{t) ^ \l{t + l), t>0. 

From (13:271 ) we have that cj„_i(log(A2 (t + l)))i-" ^ r„(t) ^ c<;„_i(log(t + 1))^-". 
From f l3.26p we have 

Un-i (log A„t)^"" ^ 7„(t) ^ t^„_i (logt)^"" , t> 1. 

Using the right side of this inequality we have 

7 ^ -n^l (log ) ^ (log ( ' 

This gives C;(t) ^ uj^-i (log (i))'"" locally. 

4. Inclusion relations for balls 

Each statement on modulus of continuity has its counterpart stated in terms of 
inclusions of balls. Namely, if for some metrics di and ^2 holds 

di{x,y) < t => d2{x,y) < C(t), 

then 

A related question is to find, for a given x E G and t > 0, minimal C(x, t) such that 

Dd^{x,t) C Dd^{xX{x,t)), 
This is circumscribed ball problem for a fixed x G G . 

The quasihyperbolic ball Dk{x, r) is the set {z E G \ kci^x, z) < r}, when x E G 
and r > 0. By |Vu2l (3.9)], we have the inclusions 

(4.1) S"(x,rrf(x)) C Dk{x,M) C B"" {x , R d{x)) , 

where r = 1 — e~^^ and R = e*^ — 1. 

It was proved in [AVVl 15.13] that if G is a proper subdomain of R^ and if 
x,y E G with x ^ y, then 



(4.2) Ag(x,?/) ^ inf (A]Rn\{^}(x, y)) ^ V27:„ 



F - y\ 
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4.3. Theorem. [H, Theorem 6.11] Let G be a proper subdomain o/R" and let 

t>0. We denote c, = ^,_^^-i\/^^y C2 = \[^^) and C3 = r-\t/V2), then the 
inclusions 

(4.4) Dx-i (a, t) d {z eG\ d{z) > cid{a)}, 

(4.5) Dx~i (a, t) D 5"(a, C2d{a)) D Dk{a, log(c2 + 1)) 
and 

(4.6) Dx-iia,t) C B''{a,C3d{a))nG 

are valid for all a E G. If, in addition, t > -\/2Tn(l), we have that 

(4.7) 5"(a, C3d{a)) C D,(a, log(l/(l - C3))). 
To prove the inclusion (14. 6p . we apply (14. 2p to obtain 

From here with the assumption t ^ Xcia, z) we have [2; — a| < r^^(t/\/2)ci(a). 
Since -Da-i C G, the inclusion (14. 6p holds. 

Inclusion (14.71) follows directly from ( 14. ip after we notice that the condition 
t > -\/2r„(l) implies that C3 < 1 and hence that the ball B"-{a, C3d{a)) is included in 
G. 

4.8. Theorem. [HI Theorem 6.18] Let G be a proper subdomain od and 
assume that G has a connected, nondegenerate boundary. Let t > and denote 
di = r-\t)/{l + r^^(t)); d2 = l/ln\t) and ds = l/r-\t). Then, for all a e G, 
the following inclusions hold 



(4.9) D^{a,t) C {z e G\d{z) > did{a)}, 

(4.10) D^{a, t) D 5"(a, d^d^a)) D Dk{a, log(rf2 + 1)) 

(4.11) D^(a,t) C 5"(a,rf3d(a)) nC. 
// in addition t < r,j(l), then 

(4.12) 5"(a, d^d{a)) C Dk{a, log(l/(l - 4)))- 



r/«e numbers di, d2 and d^ are best possible for these inclusions. 
We prove (14.101) only, because that part is used later on. 

We assume that a,z EG and that |z — a| ^ d2d{a). Then, since 7^^(t) > 1, we 
have d{z,a) < d{a). We consider the following curve families. 

Tj = A{Ja.,dG; G), 

r = A{Ja.,S^-\a,d{a)y,B^{a, d{a))), 

and 

(4.13) f = A([^',+oo),5"-^;M"\5"), 
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where z' = -^^^^ ei. Since Jaz is a continuum which joins a and z, we have 

(4.14) ^iG{a,z)^M{rj) 

and since F < Fj, we have that M(Fj) < M(F). 
Using Mobius transformations, we get 

(4.15) M(F) = M(f) =7/ "^^""^ 



2; — a 



and since l^; — a| < d2d{a) and 7„ is a strictly decreasing homeomorphism, it follows 
that 

(4.16) 7„ ( ^) <%(!)=*. 



\ |z — a| / 

Combining all these inequalities, we get 

fiG{a,z) < t, 

which proves the left side of f l4.10p . The right side inclusion follows from (14. ip . 
Theorem O (([Ml) and ([IJ])) gives 

4.17. Theorem. 

X-\a, 6) < i ^ k{a, h) < log ^tttT' f^r t > ^2x2(1) 

^ 1-^2 (73) 

A^^(a, 6) < s ^ /i;(a, 6) < log ^ 



1 1 



C^i(s) = log- _ ^ s< 



'2 VV2s 

^4/50 we obtain \^^{x, a) < j ^ \x — a\ < C2,d{a) < diam(G') 03(1/^) and from here 
Ciii(t)=r-Hl/(v^t))diam(G). 

From Theorem 14.81 we deduce 

4.18. Theorem. In a domain G with connected nondegenerate boundary: 

(4.19) D^{a,t)D Dk{a,log{d2 + l)), d2 = ^T-, 

7 [^) 

and fj,{a, b) < t if k{a, b) < log((i2 + 1) . 
Also,Cj:{s)='y{l/{e-'-l)). If we put 

s = log ( + 1 1 ' have e** — 1 = _ , t = 7 



^7-i(t) J ' Ve" - 1, 

4.20. Theorem. [SH Theorem 3.8] //G C M" is oj^en, x e G and t > then 

Dj{x,t) C B'\x,R) 

where i? = (e* — 1) d{x). This formula for R is the best possible expressed in terms 
of t and d{x) only. 
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Therefore, using d{x) ^ diam(G), we get Q (t) = (e* - 1) diam(G). 

4.21. Theorem. [Sil Theorem 3.10] //G C M" is an open set, x eG andt>0 
then Ds{x,t) C B'^{x,R) where i? = (e* - l)d{x). 

As above, we get Cl '(^) = (e* — 1) diam(G). 
From Lemma [3.71 we have that 



Now, from [HI Lemma 2.30] we may choose (the case n = 2) 



h{t) 



27ra 



for t ^ -. 

4 




From here we have that 



for t ^ — (more important case) 




a = max{l,7}, 7 = -log2>l, a = j . 



In the second case, where 




we have h{3t) = 324:(37rt^, t > 




Cj:{t)=324nt', fovt>^. 
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Jg 


Kg 


IJ'G 




JG 


1 


2 

Cj=(t) = ct 
G - uniform 

G - if domain 


3 

(l^gQ)) 

locally 


4 

cr\t) 
1 

cr(e2* - 1) 

G - c-QED domain 


ka 


5 

cm = t 


6 

Cl{t) = t 


7 

connected, 
nondegenerate 


8 

Ck — 


fJ'G 


9 

cm = I 

dG connected 


10 

G^miform. 
oG connected 


11 

Cjlit) = t 


12 

G - C-QED do- 
main 

dG connected 




13 

cUit) 

+ (^) 


14 

log l-r-\l/{V2t)) 
J < V2r2(l) 


15 

locally 


16 

CUt) = t 



This is improved 4x4 chart. 

4.22. Example. ForG C M" we choose Zq e dG, sequence & G such —>■ Zq 
and sequence E G such that 



(4.23) 

Clearly \xk — yk\ — and 
(4.24) 
But 

jG{xk,yk) ^ log ( 1 



k 



Xk - yk\ > \xk - zo\ - \yk - zo\ > \xk - zo\ [1 - - 



\Xk - yk\ 



1-i 



^ log 1 + — 



log(A;) +00. 



Hence id : {G,\ ■ |) — > {G^jc) is not uniformly continuous. By this reason, 
adequate fields in the chart are empty. 

Also, for a fixed small d > we can find x,y & G such that \x — y\ — d and 
d{x, dG) as small as we like. 

So we get kG{x,y) as large as we like and there is no estimate of kG{x,y) in 
terms of \x — y\. 
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In other hand function is obtained from: 

l^-^'l ds _ \x-y\ 
diam(G) diam(G) 

From here we get that modulus of continuity of id : {G, ka) — ^ (G, | • |) is Ci'(^) = 
tdiam(G) (where G is bounded). 

All the remaining items are obtained by composition of the above moduli of 
continuity. 

And finally we have following charts: 
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ac 




JG 


ka 


OiG 




ciit) = 2t 

G convex 


cm = t 

G convex 


C^{t) = ct 

G convex, 

U-iiiiUi ill 


Sg 




m = t 




Cl{t) = ct 
G uniform 


jo 


C,f{t) = 2t 


C^{t) = 2t 




C^(t) = ct 
G uniform 




Q{t) = 2t 


ciit) = 2t 


ci{t)=t 







q 


l-l 






OiG 


a(t) = (e*-l)diam(G) 
G convex 


d^{t) = (e*-l)diam(G) 
G convex 


G convex, 


(e*-l) 
locally 




^« " cr(e2t - 1) 
G c-QED, convex 


Sg 


CKi) = (e*-l)diam(G) 


Cil(t) = (e*-l)diam(G) 


TO) =7 
locally 


(e*-l) 




(*) - cr(e2t - 1) 
G c-QED 


3G 


C|(i) = (e*-l)diam(G') 


C|l(t) = (e*-l)diam(G) 


TO) = 7 

locally 






^ ' CT(e2t - 1) 
G c-QED 


ka 


Cfc«(t) = tdiam(G) 


Ci-'(i) = idiam(G) 


dG connected 
nondegenerate 




- cr(e2t - 1) 
G c-QED 
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O-G 


5g 


JG 




Q 


Does not exist 


Does not exist 


Does not exist 


Does not exist 




Does not exist 


Does not exist 


Does not exist 


Does not exist 




dG connected 


cw=iog(i+^_;(j 

dG connected 
card{dG) > 2 


cm = f 

dG connected 


G uniform 
dG connected 




C^,(t)=log(l + 2r-i(i)) 


log(l + 2r-i(i)) 
card(dG) > 2 


Ci_.(i)=log(l + r-H^)) 


C^l(^)=clog(l + r-H^)) 
G uniform 







l-l 








Qit) = t 


G bounded 


Does not exist 


Does not exist 


l-l 






Does not exist 


Does not exist 




^c,t^\ diarn(G) 

T-^t) 
dG connected 


l.| diarn(G) 
dG connected 




V cr(e" - 1) 
G c-QED domain 
dG connected 




C^i =r-Hl/(v^i))diam(G)) 


Ciii =r-Hl/(V2t))diam(G)) 


locally 
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Sharper results can be obtained for special domains, for example G = W \ {0} 
was studied by R. Klen [KlJ in relation to jo metrics. 

We return to the question of moduli of continuity, from a different viewpoint, in 
chapter 2, sections 2 and 3. 

5. Removing a point 

Let be a collection of metrics on a domain G C and Bm{x, T) = {z E G : 
m{x,z) < T}, m E Ai. Let 

Tt = sup{r > : S''-\x,r) C B^{x,T)}, 

Rt = inf {r > : ^"-^(x, r) n Bmix, T) = 0}. 

The question is can we find lower bound for and upper bound for Rt- 

5.1. Problem. (Radius of circumscribed ball) 

It is evident from the definition of Xg that adding new points, even isolated ones, 
to the boundary of G will affect the value of Xg{x, y) for fixed points x,y E G. We 
study this phenomenon in the case when G = \ {0}. 

We find an upper bound for radius of circumscribed ball, where m = Xq^. 

We use notation 

Bx{1,T) = {zeC : Ag(^,1) ^T-i}. 

Let h{z) = be an inversion. Since h : B\ — > B\ {h is an isometry for A metric) 
we have 

XG{l,z) = XG{l,h{z)). 

From [SoTVl (3.3), (3.22)] we have 

<5-^' ^W = logM(2.-l) - -^C\{0.1} and 

, X , 7) X 27r3C(sinf)3C(cos7) 

(5-3) logM(2e^^ - 1) = J ^ J 



3C^(sin|) + DC^(cos|; 



If we put z = e*^ we have 



^ JC^(sinf) + JC^(cosf) 
ac(sin I) ac(cos I) 

For \z\ = 1 we obtain Xg{1, z) = p{z). 

Choose 6 such that sin | = From here 6 = 2 arcsin Now if we put 

(5-4) y = — J- = -/i(cos -) 

3C(cos|) vr 4 

we have 

p{e'') = y + - = ^. 

y T 




Figure 1. Radius of circumscribed ball 



We are interested for solutions y < 1 because we want 9 < iv. From here y 
i+Vi-4r2 • ^i^^^ ^^^^ ^ 



9 = 4 arccos(/i^"'^(— )) 

now we have 



TT 2T ttT 
(5.5) 9 = 4 arccosfu^"'^ ( )) = 4 arccosfu^"'^ ( )). 

Hence, the radius of the circumscribed sphere is 

9 1 
i?r = 2sin-, T G (0, -), 9 horn 

5.6. Open question. (1) Can we find tt in the case above? 

(2) Can we estimate Rt, where G is now bounded subset of C (instead of 
M2\{0})? 

(3) Consider /ic-balls where dG is connected, say dG = [0, ei]. Can we find a 
lower bound for vt (upper bound for Rt) in this case? 

5.7. Problem. (Estimate for Ab2\|o}(x, y)) Next we investigate the following 
situation: G C is domain, a E G, G' = G \ {a}. Is Xci^x^y) = XG'{x,y) true 
under some additional assumptions, like x, y close to dG"! 

We consider a special case where G = and a = 0. 
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Figure 2. 



In [LeVul Lemma 2.8] is proven that if Fq = A([0,a;], [y, a;/|x|]; 5), where y 
jlj X and if we put |x| = r, \y\ = s, then we have 



(5.8) 



M(Fo) 



(s — r)(l — rs) 



r(l - s)2 

Further, from [VuTl (2.6)] we have that if Aq = A([-^, -x], [x, B) and if 
|x| = r as before, then 




Figure 3. 



1 / 

Also, using Mobius transformation : B'^ — > B^, T{r) = we can map family 
of curves Ai to family of curves A'^^, where Ai = A([— -j^, —y], [0,x]; B) and A'^^ = 

We know that 

p(-s,0) = p(-r, -t), 
where r and s are as before and —t = Tr{—s). Further, this is equivalent to 



(5.9) 



1 - s 

Solving (15. 9p in t we obtain t — 



, l + s , 1+tl-r 
log = log ■ 



1-tl + r 



l+sr ' 
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Now we have 

Af(A,; 



M(A;) = rl"-.':>'^L"''Ur^''^ + '-' 



r(l-t)2 



r(l — s)^ 




Figure 4. 

The first equaUty holds because is conformal map, the second one follows 
from (15.8p and the third one from the expression for t. 
Now, if we put in last term that r = s, we obtain 

2^ 



M(Ai) = r 



1 + r 
1 — r 



The question is when is M(Ai) ^ M(Ao). In other words, when is 

2\ , / ,__2 



? 



Applying formula [AVVl 5,19 (5)]: 



for t = 4r2/(l — r'^y we have 



4^2 



2' V(l-r2^2 
Then (15.101) is equivalent to 



lr{r^ + 1) 
(1-rY 



l + r\^ 8r(r2 + 1) 



1 -ry ^ (1 -r)4 ' 
since r is decreasing. The last inequality is equivalent to 

- 8r^ - - 8r + 1 ^ 0. 
This inequality holds for r G [0.12, 1). 

This gives the answer to the question: For which values of |x| we have 

Xa{x,-x) = M{A{E,-E;B^)), 
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where A = \ {0}, E = [x, ^]? 

A related result can be found in Heikkala's dissertation, [HI Theorem 7.3]. In 
fact, this theorem deals with the more general situation: If x and y are close to the 
boundary and far apart then XB"\{o}{x,y) = \B-^{x^y). His theorem is: 

5.11. Theorem. Let G = B'^X {0} and let x,y e G with \x-y\> 6 > 0. Then, 
i/min{|x|, \y\} G (ri, 1) with ri = :/EML:^^ yj^ have that 

>^Gix,y) = \B^{x,y). 

However, we have in the special case x = — y, better constant (letting 6 = 2\x\ 
and ri = in Theorem 7.3 gives equation + — 1 = 0, and its real root is larger 
than 0.75, and consequently larger than 0.12). 

6. Uniform continuity on union of two domains 

6.1. Definition. Let {ttid : D C M"} be a family of metrics. We say that this 
family is monotone if Di C D2 implies m£)^(x, y) > mD^i^jU) for all x,y ^ Di. 

6.2. Lemma. [Vu5l 2.27] Let Gi, G2 be domains in M" with d n G2 ^ 0, Gi ^ 
7^ G2 and assume that there exists c G (0, 1) such that 

(6.3) d{x, dGi) + d{x, SGs) > cd{x, d{Gi U Gs)), 

for all X e G = GiU G2. 

Suppose that f : G — > fG is continuous, fG C M"; that {rriD : D C R"} is a 
monotone family of metrics; and that 

(6.4) mjG,{f{x)J{y))<uj,{kG^{x,y)) 

for x,y E Gj and j = 1,2. Then there exists uj : [0, +00) — > [0, +00) such that 

(6.5) mfG{f{x)J{y))<uj{kG{x,y)) 

and limt^o+ ^if) = provided limf^o+ ^jif) = 0, j = 1, 2. 

Now we consider a similar, but local result, with j metric replacing k metric. 
We can no longer use geodesies as was done in the proof of the above lemma. 

6.6. Lemma. Let GuG2 be domains in W with d n G2 7^ 0, Gi ^ W ^ G2 
and assume that there exists c G (0, 1) such that 

d{x, dGi) + d{x, dG2) > cd{x, d{Gi U G2)), 

for all X e G = GiU G2. 

Suppose that f : G — > fG is continuous, fG C M"; that {rrid : D C R"} is a 
monotone family of metrics; and that 

mfG,{f{x)J{y)) < ujj{jG^{x,y)) 

for x,y G Gj and j = 1,2. Then there exists uj : [0,6) — > [0,+oo), where 6 = 
log (1 + 1) such that 

(6.7) mfG{f{x),f{y))<uj{jG{x,y)) 



28 1. QUASICONFORMAL MAPPINGS 

for x,y E G, jci^, y) < 5 and limf^o+ ^if) = provided limt_^o+ ^jit) = 0, j = 1, 2. 
Proof. Let d{x) = d{x, dG) and jai^, y) < S. 

Then, we have — ?/| < ^mm{d{x),d{y)}. We may assume d{x) < d{y). By the 
hypothesis (I6.3p of the lemma there exists i G {1,2} such that d{x,dGi) > ^d{x), 
i.e., B"-{x,cd{x)/2) C Gi. Without loss of generality, we may assume that i = 1. 
Then 

y e c min{ci(x), %)}/4) C ^d{x, dGi)). 

We have 

\x-y\ 



jGi (X, = log 1 + 



mm{di{x),di{y)} 

where di{z) = d{z,dGi). By the above calculation, \x — y\ < ^di{x) and hence 
di{y) > ^di{x). The last inequality now yields 

2\x — y\ 



jGi{x,y) < log 1 + 



< log 1 + 



di{x) 
4|x — y\ 



cd{x) 



< -jGix,y). 

c 



Conclusion: 



(6.8) mfG{f{x),f{y)) < mfdfix), f{y)) < uJi{jG,{x,y)) < ui (^^jG{x,y) 

where also monotone property of the family {mj^} was applied. □ 

6.9. Example. We present an example, due to J. Ferrand, of two domains 
Ci, 6*2 ^ C, Gi, 6*2 7^ and an analytic function / : H — > C, H = Gi U G2 such 
that 

(1) ((631) holds in Gi and G2. 

(2) ((631) does not hold on H. 

We set Gi = C\{p + iq : p,qeZ} and G2 = C\({0}U{p + l/2 + ig : p,qe Z}). 
Note that d n ^2 ^ and d U G2 = = C\ {0}. We define /(O = e^"«. This 
is an entire function. 

It is easy to see that f{Gi) = /(G2) = f{H) = H. In fact f{flk) = H, where 
= + iy : k < y < k + 1}. Quasihyperbolic distance in H satisfies 

(6.10) kH{wi,W2) = inf \zi - Z2\. 

e^i =w\ ,e^2 =W2 

Also, for i = 1,2 holds d{$,,dGi) ^ 1/2, so the metric density ^ exceeds \/2 

and therefore (by a line integration) 

(6.11) A;g.(6,6)^v^|6-6|. 



7. QUASICONFORMAL MAPS WITH IDENTITY BOUNDARY VALUES 



29 



Now, (jG.lOl) tells us that / : Gi — > H is Lipschitz with respect to euclidean metric 
in Gi and quasihyperbolic metric in if, and by (IG.lip it is also Lipschitz with respect 
to quasihyperbolic metric in H and Gi. 

But / is not uniformly continuous as a map {H^ku) — > {H,kH)- in fact we 
have 

n + 1 

lim knin, n + 1) = log = 0, 

n— >oo n 

while 

g47r(n+l) 

lim knifin), f{n + 1)) = log = An. 

n— >oo gt/wt 

Note that our domains fail to meet condition (IG.lOp from |Vu5l Lemma 2.27 ]. 
Indeed for large |x| we have 

d{x,d{Gi U G2)) = \x\ 

and 

d{x, dGi) + d{x, dG2) ^ 2^ = ^2, 

v2 

so there is no c G (0, 1) such that (IG.lOp is valid. 

6.12. Remark. (1) It would he of interest to find a homeomorphism f with 
properties as in Example \6.9{ due to Ferrand. 

(2) It is natural to expect that there is a counterpart of Lemma \6.6\ for other 
metrics in place of j. 

(3) Is the condition ^6.3\} invariant under the quasiconformal mappings? 

7. Quasiconformal maps with identity boundary values 

For a domain G C M", n ^ 2, let 

Id{dG) = {/ : M" ^ 1" homeomorphism : f{x) = x, Vx G 1" \ G}. 

Here M" stands for the Mobius space M" U {00} . We shall always assume that 
cardlM"^ \ G} > 3. If i^' ^ 1, then the class of i^'-quasiconformal maps in Id{dG) 
is denoted by IdxidG). Here we use notation and terminology from Vaisala's book 
|V2| . In particular, i^'-quasiconformal maps are defined in terms of the maximal 
dilatation as in |V2l p. 42] if not otherwise stated. 
We will study the following well-known problem: 

7.1. Problem. (1) Given a,b e G and / G Id{dG) with /(a) = 6, find a 
lower bound for K{f). 
(2) Given a,b E G, construct / G Id{dG) with /(a) = h and give an upper 
bound for K{f). 

O. Teichmiiller studied this problem in the case when G is a plane domain with 
card(M? \G) = 3 and proved the following theorem with a sharp bound for K{f). 
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7.2. Theorem. Let G = R'^\ {0, 1}, a,b e G. Then there exists f e IdxidG) 
with f{a) = b iff 

\og{K{f))^SG{a,b), 
where Scia^b) is the hyperbolic metric of G. 

7.3. Theorem. /// g IdKidB""), then for all x E B"" 

PB^-{f{x),x) ^log- -, a = ipi/K,n{^/V2f, 

a 

where (pK,n is as in ^7.1^) . 

7.4. Theorem. If f e IdKidB''), then for all x e 5", n>2, and K e [1, 17] 

(7.5) \f{x)-x\<l{K-l). 
For n = 2 we have 

(7.6) \f{x)-x\^^{K~l), 6^4.38. 

The theory of i^-quasiregular mappings in M",n > 3, with maximal dilatation 
K close to 1 has been extensively studied by Yu. G. Reshetnyak [Rj under the 
name "stability theory". By Liouville's theorem we expect that when n > 3 is 
fixed and K ^ 1 the i^"-quasiregular maps "stabilize", become more and more like 
Mobius transformations, and this is the content of the deep main results of [Rj such 
as [RI p. 286]. We have been unable to decide whether Theorem 17.31 follows from 
Reshetnyak's stability theory in a simple way. V. I. Semenov [S] has also made 
significant contributions to this theory. For the plane case P. P. Belinskii has found 
several sharp results in [Bel] . 

7.7. Problem. It seems possible that there is a new kind of stability behavior: 
If i^' > 1 is fixed, do maps in IdxidB"') approach identity when n — > cxo? Our 
results do not answer this question. This kind of behavior is anticipated in |AVVl 
Open problem 9, p. 478]. 

7.8. Lemma. For x,y e B"" let t = ^/{l - \x\^){l - \y\^). Then for x,y e B"" 
(7.9) tanh^ 



2 |x-?/|2 + t2' 



(7.10) |x-?/|^2tanh , , 

4 ^|x-l/|2 + t2+t' 

where equality holds for x = —y. 

Next, we consider a decreasing homeomorphism /i : (0, 1) — > (0, oo) defined by 
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where 3C(r) is Legendre's complete elliptic integral of the first kind and r' = vT^^r^, 
for all r G (0,1). The Hersch-Pfluger distortion function is an increasing homeo- 
morphism ifK '■ (0, 1) — > (0, 1) defined by 

(7.12) ^K{r)=^^~\^^{r)/K) 

for all r G (0, 1), > 0. By continuity we set ^Pk{'^) = 0, ipxil) = 1. From (TTTB 
we see that ^{r)jj,{r') = (|) and from this we are able to conclude a number of 
properties of ipx- For instance, by |AVVl Thm 10.5, p. 204] 



(7.13) ifKiry + ip,/Kir'y = I, r' = VT^, 

holds for a\\K>0,r e (0,1). 

7.14. Special function ipK,n We use the standard notation 

1 

(7.15) ^K,nir) 



7-H^7n(l/r))' 



Then ipK,n '■ (0,1) — > (0,1) is an increasing homeomorphism, see [Vu2l (7.44)]. 
Because 72(l/r) = 27r//x(r) by |Vu2[ (5.56)], it follows that fK,2{r) is the same as 
the ifxir) in d7T2ll . 

7.16. The key constant. The special functions introduced above will have a 
crucial role in what follows. For the sake of easy reference we give here some well- 
known identities between them that can be found in | AV V| . First, the function 



(7.17) r]K,n(t) = r„ (r„(t)/K) = -—==—, K>0, 

Wii-,n(l/vl + i)^ 

defines an increasing homeomorphism riK,n '■ (0, oo) (0, oo) (cf. |AVVl p. 193]). 
The constant (1 — a)/a,a = y^i/^f „(l/v^)^, in (|7.5I) can be expressed as follows for 
K>1 

(7.18) (1 - a)/a = r/^,„(l) = t-\t,{1)/K) . 
Furthermore, by f l7.13p 



(7.19) r]K,2ii) = 1 2' ^ = ^K,2iVW+t)) 

1 — 

and 

(7.20) 77^,2(1) G(e"('"-'\e''(^-^)) 

where b = (4/7r) 3C(l/y2)2 = 4.376879... Note that the constant X{K) in |AVV[ 
10.33 p. 218.] is the same as r]K,2{^) ■ 

For the proof of Lemma [7.291 we record a lower bound for (pi/K,n{r) . The con- 
stant A„ is the so called Grotzsch ring constant, see ^ AVV| . 
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7.21. Lemma. ( TVu2l 7.47, 7.50]; For n > 2, K > 1, and < r < 1 

(7.22) ¥^i/i.,n(r) > A^V, P = K'/^-'\ 

(7.23) Aj,-^ > 2'-^K-^ > 2i-^K-^ . 

7.24. Lemma. (1) For all m,n ^ 1 there is M > 1 such that the inequality 

(7.25) log(2™^-'"+^x"^ - 1) ^ (2m log 2 + 2n)(x - 1) 

holds for X G [1,M] with equality only for x = 1. Moreover, with t = 
(mlog2 — n)/{2n) , M can be chosen as 



M 



\ 



(m - 1) log2 + log (l + 



{n+m log 2)2 



n 



(2) Let p{x) = log(2"^^-'"+ix"^ - 1), q{x) = (2m log 2 + 2n){x - 1) and let us 
use the above notation. Let = M and a„+i = p^^iqidn)) for n ^ 1. 
Then the sequence an is increasing and bounded. If a = lim„^ a„ then the 
inequality ^7.25\) holds for x E [l,a] with equality iff x G {1, a}. For m = 3 
and n = 2 we have a > 17. 

Proof. Let 

u{x) = {mx-m + l)\og2 + nxlogx, v{x) = log(e"(^) - 1) = log(2™^-"+V^ - 1). 
Then we have 

."(.) = (log(e"(^)-l))"=(^^g^''' 

(M"(x)e"(^) + (M'(x))2e"(^))(e"(^) - 1) - e"^^))^ 
(e«W - 1)2 

„u{x) 

■ {{u"{x) + (u'(a;))2)(e"(") - 1) - {u'{x))^e'''^^'>) 
■(M"(x)(e"(")-l)-(M'(x))2). 



(e«W - 1)2 



Thus 
Since 



(e«W - 1)2 
v"{x) ^ ^ u"(x)(e"(") - 1) ^ {u{x))\ 
^uix) ^ ^'^x-m+i^nx^ N = n + m\og2 + ulogx, u"(x) = -, 

X 

we have 

v"(x)^0 ^ -(2™^-™+ix"^- 1) ^ (n + mlog2 + nlogx)2, 

X 
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therefore v"{x) ^ is for x ^ 1 equivalent to 

^mx-m+i^nx _^ ^ - (n + m log 2 + n log 0;)^ 
n 

Let f{x) = 2™^"™+ix"'^ — 1 and g{x) = ^(n + mlog2 + nlogx)^. Both functions / 
and g are increasing on [1, +oo) and /(I) < g{l) because 

/(I) = I n = -■ 71^ < -in + m\og2f = gil). 
n n 

By continuity of / we can conclude that there is M > 1 such that /(M) ^ giX)- 
For such M 

f{x)^f{M)^g{l)^g{x), xG[1,M]. 
This implies that v is concave on [1, M] and consequently 

v{x) ^v{l) +v'{l){x -I), xe[l,M] 

i.e. 

log(2'^^"'"+^x"^ - 1) ^ (2mlog2 + 2n)(x - 1), xe [1,M]. 
The inequality f{x) ^ g{l) is equivalent to 

n + mlog2)^' 



(7.26) {mx — m + 1) log 2 + nx log x ^ log ^1 + 
Because 

(7.27) [mx — m + 1) log 2 + nxlogx ^ {mx — m + 1) log 2 + nx{x — 1) 
the inequality (17.261) is the consequence of the inequality 

(fjl _|_ log 2)^ 
1 + ^ — 

In f l7.27p equality holds only for x = 1. Because 

(n + mlog2)^ n"^ 
1 + >1 + — = l + n^2 

n n 

the inequality (17.28^ is a strict inequality for x = 1. By this reason, the greater root 
of the quadratic equation 

\ f (n + mlog2)^~ 

[mx — m + 1) log 2 + nx(x — 1) = log 1 H 

\ n 

is greater than 1. If we denote this root with M the inequality (|7.26l) holds for 
X G [1, M] with equality only for x = 1. The first part of Lemma is proved. 

Now we prove the second part of the inequality. Both of functions p{x) and 
q{x) are continuous and increasing. Consequently r(x) = p~^{x) is continuous and 
increasing. Because 

p{ai) = q{ao) > p{ao) 
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using monotonicity of p{x) we can conclude that Oi > Oq. Now, by induction and 
monotonicity of r we can conclude that the sequence a„ is increasing. Now for 

a; G [a„, a„+i) we have 

p{x) < p{an+i) = q{an) ^ q{x). 

So p{x) < q{x) holds for x G U^ol*^"' '^'i+i) ~ ['^OjC^) and using already proved 
inequality, p{x) < q{x) holds for 1 < x < a. For x ^ 1 holds mx — m + 1 > 1 and 
x"'^ ^ 1 and consequently 

p{x) = log(2'""-'"+^x"" - 1) > log(2x"" - 1) ^ nxlogx. 

Because > rax log x ^ (?T,logx)(x — 1) inequality p{c) > q{c) holds for c such 
that nlogc ^ 2mlog2 + 2n. It is easy to see that it is true for c = 2"^e^. It implies 
that a is finite (for example e^) and a„ is bounded. Letting n —>■ oo in 

p(a„+i) = g(a„) and using continuity of both functions we conclude that p{a) = 
q{a) . □ 

7.29. Lemma. If a = (pi/K ni'^/ V^f is as in Theorem\TE then for M > 1 and 
f3e[l,M] 

(7.30) log (^^^ < log{Xl^^-'h^ - 1) < V{n){P - 1) 
with V{n) = (21og(2A2))(2A2)^^-i and for K G [1, 17], 

(7.31) logf^^^ ^ (ir-l)(4 + 61og2) <9(ir-l), 



a 

with equality only for K = 1. For n = 2 

where b = (A/n) ac(l/ v^)^ < 4.38 . 

Proof. For (3 g [1, M] we have by ( 17:2211 



log (^) < log(A^(^-i)2/^ - 1) . 



Further, we have 



The second inequality follows from the inequality log(t) ^ t — 1 and the third one 
from Lagrange's theorem and monotonicity of the function (2 log(2A^))(2A^)^~^. 
This proves (17:301) . 

From (I7.23P it follows that the constant a satisfies the inequality 

^>22(l-^')ir-2^(l/v^)2^ 
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and also 

1/a < , K>1. 

By Lemma [7.241 we have 

log(23^-2ir2^ - 1) ^ (4 + 61og2)(ir-l) 
for K & [1) 17] with equality only for K = 1. Now, from 

a 

we conclude that 

log (-^^ ^ (4 + 61og2)(ir- 1) < 9{K-l). 

For the case n = 2 we can apply the identity (I7.19P and the inequality in (I7.20p . 

□ 




Figure 5. 



7.33. Proof of Theorem I7.3L Fix x G -B" and let denote a Mobius trans- 
formation of 1" with = 5" and T^{x) = 0. Define ^ : M" — ^ R'^ by 
setting g{z) = o / o T-^{z) for z e B"" and g{z) = ^ for ^ e \ 5". Then 
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g G Jdi^ ((95") with g{0) = T^(/(a;)). By the invariance of p^n under the group 
QM.{B'^) of Mobius selfautomorphisms of -B" we see that for x G B"^' 

(7.34) pB"(/(x),x) =pBn(T,(/(x)),T,(a;)) = pBn(f7(0),0). 

Choose z G 95" such that c/(0) G [0, ^] = {te : ^ t ^ 1}. Let 5' = {-sz : s ^ 

1}, r = A([(7(0),^],£;';M") and T = /\{g-'[g{Q) , z], g-^ E' -W). 

The spherical symmetrization with center at yields by |AVVl Thm 8.44] 

M(r)^r„(l) (= 2i-"7„(v^)) 

because g{x) = x for x G M" \ -B". Next, we see by the choice of V that 



By i^-quasiconformality we have M(V) ^ K M{T') implying 

(7.35) exp(p^. (0,^7(0))) = j + [^|°|[ ^ r„-^(x„(l)/i^) = 1^. 

The last equality follows from (17.181) . Finally, (17.341) and (17.351) complete the proof. 

□ 

7.36. Proof of Theorem EH We have 

|/(x)-x| ^ 2tanh(^^"(^]^^'^^) ^2tanh^^"g('^^ 



^ 2 tanh 



(ir- l)(4 + 61og2) 
4 



^ (ir-l)(2 + 31og2) ^ ^(ir-1). 

The first inequality follows from (I7.10p , the second one from Theorem 17.31 the third 
one from Lemma !?. 291 and the last one from inequality tanh(t) ^ t for t ^ 0. 

For n = 2 we use the same first two steps and planar case of Lemma 17.291 to 
derive inequality 

\f{x)-x\^^-{K-l). □ 

A lower bound corresponding to the upper bound in ( 17. 5p is given in the next 
lemma. 

7.37. Lemma. For f e Id{dG) let 

6{f)^snp{\f{z)-z\:zeG}. 
Then for f G /di^((95"), K>l,a = 

(7.38) 6{f) > (1 - a)a"/(i-'^) > ^(1 - a). 
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Proof. The radial stretching f : B'"- ^ 5", > 2, defined by f{z) = z,z e 

5", (0 < a < 1) is K-qc with a = /sfVCi-") [V2l p. 49] and / G IdxidB'^) . Now 
we have 

1/(2;) — z\ = \\z\°'^^z — z\ = |r" — r|, \z\ = r. 



Further, we see that 



6{f) = sup (r" -r), 

0<r<l 



where the supremum is attained for r = = (^) ° \ so 

6{f) = (1 - . 
A crude, but simple, estimate is 

m > {l/er - (l/e) = ^ f-^ - 1) = 7 - 1) ^ 7(1 - «) . 



e \ e"~i / e ' ' e 



□ 




7.39. Theorem. Zet / : M"- — >• M" 6e a K-qc homeomorphism with f{oo) = oo 
and B'^im) C C 5"(M) w;/iere < m < 1 < M. Then 

M+|/(x)| 



and 





X 


(1^ 


X 



m + \ f{.x)\ 
M-|/(a:)r^^'' 

/or all X G -B" where rjK^n{i) = ^n^i'^nit) /K) . 
In particular, if m = 1 = M, then we have 





X 






X 


■) 



, l + \x\ \ ^ l + ^ ^l + |x| 



x|/ 1 — |/(a;)| ' \1 — |x 
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Figure 7. 

Proof. The proof is similar to the proof of Theorem I7.3[ Fix x G -B" and 
choose z' e dfiB"") such that /(x) G [0,z'] and [f{x),z') C /(E'^) and fix z" e 
df{B'^) such that z',0,z" are on the same line, G and {—sz" : s ^ 

1} C \ Let F' = A([/(x),z'],E';M"), = {-sz" : s ^ 1} and F = 

A{r^[f{x),z'],f-^E';R^). Then 



while applying a spherical symmetrization with center at the origin gives 

M(F) ^ r„ 

because f^^E' connects 95" and oo. Then the inequality M(F) ^ K M(T') yields 



(1^ 


a; 


) 




a; 







X 






X 


■) 



\x\ 



M-\f{x)\ 
m + \ f{x)\ 
M-\fix)\ 



> 



riK,n 





X 


) 




X 





The lower bound follows if we apply a similar argument to and the lower bound 

'M+i/(x)r 



M(r) > r„ 



□ 
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7.41. Remark. Putting x = 0,m = l = Mm (17^ we obtain by (TTTSl) for a 

K-qc homeomorphism / : R" — > M" with f{oo) = oo and fi^B"^) = B"- that 

1/(0)1 < l-2a,a = y.i/^,„(l/V2)2. 
Further, if we use the lower bound f l7.23p from Lemma 17.211 we obtain 

1/(0)1 < 1-2^-^41-^7^-2^. 

In the special case when n = 2 we have 

1/(0)1 < 1 - 23(i-^')ir-2^ < (2 + 31og2)(ir- 1). 

Note that this last inequality does not suppose that / G IdxidB^) , only the hy- 
potheses of Theorem 17.391 are needed. 

7.42. Maps of cylinder We next consider the class IdxidZ) for the case when 
the domain Z is an infinite cylinder. 

7.43. Theorem. Let Z = {{x,t) e : |x| < 1, t e R}, f G IdxidZ). Then 
kz{0, /(O)) < c{K) where c{K) when K -^1. 




Figure 8. 



Proof. Let /(O) = {y,t), E' = [w,/(0)], F' = {w + s{y,Q) : s ^ 0} where 
= {y/\y\yt)^ ^ = {~y/\y\jt)- Then E' and F' are the complementary components 
of a Teichmiiller ring and therefore writing F' = A{E', F'; M") we have 

M(F') ^ r„ 



1 + 


\y\ 


1 - 


\y\ 



40 
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The modulus of the family T = A{E,F-W), E = f'^E', F = f-^F' can be 
estimated by use of spherical symmetrization with the center at 0. Note that E = E' 
because E' cW\Z and f e IdK^dZ). By [Vu2l 7.34] we have 

M(r) ^ r„(l). 

By /T-quasiconformality M{V) ^ K M (T') implying 

exp{pBn-i (0, y)) = ^ ( 1 • 




Figure 9. 



Next we shall estimate t. Fix first z in {w E dZ : Wn = 0} such that \ f{0) — z\ is 
maximal. Then choose a point w on the line through /(O) and z such that |z— w| = 1 
and [z,w] C M" \ Z. Let E' = [z,w] and F' = {/(O) + t(/(0) - z) : t ^ 0}. 
Then E' and F' are the complementary components of a Teichmiiller ring and with 
A' = A{E',F';W) we have 

M(A')=r„(|/(0)-z|). 

Observing that E' = f~^E', because / G IdxidZ) and carrying out a spherical 
symmetrization with center at z we see that ii E = f~^E' , F = f~^F' then 

M(A) ^r„(l), A = A{E,F-R^). 
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By i^'-quasiconformality we have 



The triangle inequality for kz yields 

fcz(0,/(0)) ^ fc^(0,(0,t)) + A;^((0,t),(2/,t)) 

= t + fcBn-l(0,?/) ^ |t| +2pBn-i(0,i/) 



^ fn^(^)'-l + 21og(r-(^ 



^ v/ei8(^-i) - 1 + 18(ir - 1). 
The last inequality follows from (17.181) and Lemma [7.29[ □ 

8. Distortion of two point normalized quasiconformal mappings 

Let rj: [0, oo) [0, oo) be an increasing homeomorphism and D,D' C M". A 
homeomorphism f : D D' is rj-quasisymmetric if 

\f{a)-f{c)\ 

^ ' \fib)-m\- 

for all a,b,c E D and c ^ b. By [V2j K-quasiconformal mapping of the whole M" is 
VK,n- quasisymmetric with a control function rix^n- Let us define the optimal control 
function by 

Vknit) = sup{|/(x)| : |x| <t,fe QCx(M"), f{y) = y for y E {0, d, oo}}. 

Vuorinen |Vu2l Theorem 1.8] proved an upper bound for Tj^^ni^), which was 
later refined by Prause [Pi Theorem 2.7] for K < 4/3 into the following form 

f VKA^)^KAt), o<t<i, 



(■ 


a — c 


■) 




b-c 





(8.2) r,t{t) < { 



l + 600 (^(ir-l)log-^^j , t = l, 

ipi/K,n[^/t) 



where 

(8.3) vkni^) < exp((4v^- log(ir - l))iK' - 1)). 

We also introduce a simpler estimate ofril^^{l) from |AVVl Theorem 14.8] 

(8.4) r]*^^^il) < exp(4X(K + l)^/K^). 

A more rough upper bound for rj\^{t) can |Vull Theorem 7.47] be written as 



(8.5) vknit) < 



^^,n(l)Ar"^^ o<t<i, 
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where a = i^^/^^"") and P = 1/a. Furthermore, we can |Vull Lemma 7.50] estimate 
(8.6) A,\-" < 2i-i/^ir and A^'^ < 

8.7. Lemma. Let K e (1,2], / e gCx(M"), f{x) = x for x e {0,ei}, a = 

— \xf < \ f(x)\ < calxl", if < Ixl < 1, 

— Ixl" < |/(a;)| < cslxl'^, if \x\ > 1 

C3 



for C3 = exp(60V-^ — !)• 

Proof. Since / is quasiconformal it is also rj^ „-quasisymmetric and by choosing 
a = X, b = and c = Ci in (|8.1I) we have |/(x)| < ri}^ni\^\)- Similarly, selection 
(a, 6, c) = (ei,0,x) in ( 18.11) gives \ f{x)\ > l/?7|f „(l/|x|). Therefore 

(8.8) ^^^-i^ < |/(x)| < ,fc„(N) 



for all a; G M \ {0}. Therefore by dHS]) 
1 

C2 



< |/(a;)| < ci|x|°, ifO<|x|<l, 



^ <|/(x)|<r/* (1), if|x| = l. 



— Ixr < |/(a;)| < cslxl^, if Ixl > 1, 

Cl 

for Cl = ?7if„(l)A^~" and C2 = ?7|j;„(l)A^^^. We can estimate max{ci,C2} < C3 = 
exp{60^/F^) for /sT e (1,2]. ' □ 

We will consider K- quasiconformal mapping /: M -> R with f{y) = y for 
y G {0,61,00} and our goal is to find an upper bound for |/(a;) — x\ or similar 
quantities in terms of K and ra, when \x\ < 2 and > 1 is small enough. 

Fix X G \ {0, Cl} and assume that e < \f{x)\ < \x\+e and |x — ei| —e < 
\f{x) — Cil < |a; — Cil + e for e G (0, min{|a;|, \x — ei|}). Now 

/X I N I diam (A) 
(8.9) \f{x)-x\< 

where 

A = A{0, \x\ + e, \x\ - 6)n A{ei, \x - ei| +e,\x - ei\ - e) n {z e : Z3 = 0} 
and 

A{z, R, r) = B'^{z, R) \ B^{z, r). 
We will now find upper bounds for diam (A). 

8.10. Theorem. For e < 1 and A and x as in 118. 9\) 

diam (A) < y/e4:(mm{\x\, |a; — ei|} + 1). 
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Figure 10. The set A. 



Proof. Let us assume |x| < — ei|. Nowdiam(y4) is maximal when |x — ei|/|x| 
is maximal. Therefore we may assume x = —s, where s > 0. Denote y = 5*^(0, + 
e) n 5*^(61, |a; — ei| — e). Area of the triangle AeiOy is {lmy)/2 and by Heron's 



formula 



(8.11) = - - \x\ -e){p + e-\x\- 1), 

where p = \x\ + 1. By (18. lip and the assumption £ < 1 we have 



Imy = 2^/{\x\ + l)\x\{l-e)e < 2y/e{\x\ + 1) 
and the assertion follows since diam (A) < 2lmy. □ 

8.12. Theorem. Let A be as in ( fO) . < 2, \x - ei\ < \x\ and Z(l,0,a;) > 
u > 0. Then 

( 70' 
diam {A)<e\\^ 

V ^ 

for 

f l + |x — ei| — Ixl Ixl + lx — Cil 
e < min < 1, , 



Proof. Let us denote by y the intersection of 5*^(1x1 + e) and 5*^(61, \x — ei|) 
in the first quadrant. The triangles A(0, l,x) and A(0, 1,?/) give by the Law of 
Cosines 



and 



(8.13) 



\x - 1|^ = 


x ^ + 1 — 2 a; COS7 


\y-i\' = 


2/^ + 1 ~ 2 y cos5, 


1, x) and ^ 


is the angle Z(1,0,?/) 


cos 7 = 


+ 1 — X — Ip 


2|x| 
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and 

By the Jordan inequality 

I cos 7 — cos5| = cos 5 — cos 7 = 2 sin ^ ^ sin — > ^ (7 + 5) (7 — (5) 

2 2 vr^ 

and by assumption 



(N 




1 - 




2(1x1 





7r2 



(8.15) I7 — (5| < — I C0S7 — cos 5|. 

2^^ 

By the triangle inequality, the Jordan inequality, (18 .15^ . (18.131) and (18.141) 

I7 - 6\ 

\x — y\ < £: + 2|a;|sin — - — 
2|x|, 

< e + ^\-f-5\ 

TC 
\x\7r 

< e -\ 1 cos 7 — cos S\ 



\x\ 


\7re{l + 


|x- 1|2 + 


\x\{\x\ 




to 


2|a;|(|x| 


\+e) 



^ 7r £(l + 3' + 2(2 + 1)) 
- ^^uj 2(1/2 + 0) 
51e 

= e + . 

UJ 

Let us denote by z the intersection of S^d^l + e) and ^^(ei, |a; — ei| + £:) in the 
first quadrant. If 6 > uj/2, then we obtain 

\x\7r e\\y - - \z - ^ 19e 
' ^' - u; 2{\x\ +e) - u ' 

Now 

, 70e 

diam [A) < \x — z\ < \x — y \ + \y — z\ < e -\ 

OJ 

and the assertion follows. □ 

8.16. Lemma. Letn> 2,K >l,a = ^ = i/^ andc^ = exp(60/^^). 

For t e (0, 1) 

(8.17) Cat" -t>t 

and for t > 1 

(8.18) C3t^-t>t . 

C3 
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Proof. To prove (j8.17p it is sufficient to prove that f{t) > 0, where f(t) = 
Cat" + -t^/" - 2t and < t < 1. Because 

■3 C3 

hm fit) = 0, 
it is sufficient to prove fit) > for < t < 1, i.e. 

(8.19) acst"-^ + _ 2 > 0. 

ac3 

Using inequality between arithmetic and geometric means, we can conclude that 

1 

ac3 + > 2 

holds. In other words, 

lim fit) = ac3 + — - 2 > 0. 

By this reason, to prove inequality (IS.lOp it is sufficient to prove that fit) < for 
< t < 1 i.e. 

i - 1 

a{a - 1)03^-^ + ^ t(V«)-2 < 0, 

ac3 

or equivalently 

r« < a C3. 

The last inequality follows from 

t^-" < 1 < c?c\. 

The first inequality holds because < t < 1 and ^ — a > (because < a < 1). 
Now we prove a^c| > 1 to complete proof. This is same inequality as 

or equivalently 

g40(n-l)« > ^2 _^ ^ 

for u = \/K — 1. Because m > 0, using Taylor series for we can conclude that 
e-("-)« > 1 + 40(n - 1). + - >l + u\ 

The inequality (18.181) is equivalent to 

(8.20) cgt^'/")"' + ^ > 2. 

C3 

Inequality (18.201) holds for t = 1. To prove inequality (I8.20p for t > 1 it is sufficient to 
prove that derivation of the left side of inequality is nonnegative. We have following 
sequence of equivalent formulas: 

1 \l0 a — 1 ^ r. 

1 + > 

a J C3 
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(1 - a)c3 1 _2 1 - a 

a C3 



1 ^ <^ 

4 



The last inequality is true because 



3 

and the assertion follows. □ 
8.21. Lemma. Let e > 0. Then 

\x\ — e < \ f{x)\ < \x\ + e 

for 

:<....{(M£±i))%.,}. 

Proof. Let us denote l{x) = cj^ max{|a;|", \x\^} and u{x) = C3 max{|a;|", 
We will first consider the case < \x\ < 1. By Lemma 18. 161 



m8ix{u(x) — \x\,\x\ — l(x)} = max < Csl^r — Ixl, Ixl \x 

= csIxT — \x\ 



< exp(60\/i^- l)|a;|" - |x| 

< exp(60\/;^^)|x|^/^ - 

< exp{60VK - 1) - 1. 



x\ 



Now exp(60V-^ — 1) — 1 < £ is equivalent to 



log(£ + 1) 



2 



(8.22) A-<^^^J+1. 

If |x| = 1, then 

max{M(x) — \x\, \x\ — l{x)} = — 1 



and therefore we want exp(60\/i^' — 1) — 1 < £ for G (1, 2], which is equivalent to 



(8.23) K<{ ^'^^ +1. 



log(£ + 1) 



2 



8. DISTORTION OF TWO POINT NORMALIZED QUASICONFORMAL MAPPINGS 47 

Let US first consider the case 1 < < 2. By Lemma [8. 161 

ma:x{u(x) — \x\,\x\ — l(x)} = max < Cslxl^ — Ixl, Ixl |a;| 

= Csl^l^ — |x| 

< exp(60Vi^ - l)\xf - \x\ 

< exp{60^/K - l)\xf - \x\ 



< |x|(exp(60Vi^ - l)\xf'^ - 1) 

< 2(exp(60Vi^ -1 + iK-l) log - 1) 

< 2(exp(60(ir - 1)^/^ - 1). 
Now 2(exp(60(ir - if/^ - 1) < e is equivalent to 

(8.4) ,,,(!2l(£Z|±i))^'%. 

By combining (I8l22|), (18:231) and iKMl we have 

\x\ ~ e < \ f{x)\ < \x\ + e 

for 

60 

and the assertion follows. □ 
8.25. Lemma. For < a < 1, c> 1 and t>0 

wi.cn,^{r«-'"})<{|S^;;- °<[<^- 

Proof. Let us first assume t > 1. Then max{t°, t^/"*} = t^/" and by the 
generalized Bernoulli inequality 

(1 + t)"/" > (1 + ct)^/" > 1 + c^/"t^/" > 1 + ct^/" 

implying log(l + ct^/°) < c/alog(l + t). 

Let us then assume < t < 1. Now max{t",t^/°} = t", we will show that 
function 

/(t) = iog(i+cn--iog"(i+t) 

a 

is nonpositive. We easily obtain 

(8.26) m = ^ - ^■°«°"<^+". 

Since a — 1 < and log(l + t) < t we have 

(8.27) <log"-^(l + t). 
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By assumptions c > 1 > t^^" and therefore 
(8.28) ce > t. 

By IKM . (IMTI) and KM fit) < is equivalent to (l-a)(l + t) > and therefore 
fit) is increasing. Now we have fit) < /(O) = and the assertion follows. □ 

8.29. Theorem. Let G = M" \ {0}, / e QCk and /(O) = 0. There exists c{K) 
such that 

where a = K^/i^-""), and c{K) ^1 as K ^ 1. 

Proof. By symmetry we may assume x = Ci and \y\ > 1. Now 



N l/(0)-/(e,)l^"l^J="<'""^" 
and 

l/(y)-/(ei)| _ \f{y)-f{x)\ ^^f\x-y\\ _ ^ f \x - y\ 



\f{y)\ \f{y)-fm - '\\y-o\J 'V \y\ 

Therefore by Lemma [8.251 

Jifix),fiy)) = log f 1 + — 

V mm{|/(x)|, 

\x - y\ 



log + max yjily - ei\),r] 
log(l + r?(|z/-ei|)) 



\y\ 



< log(l + C3max{||/ - eir, \y - eil^/"}) 
< 



aiog"(l + ||/-ei|), 0<|i/-ei|<l, 
f log(l + |y-ei|), \y-ei\>l. 

By choosing c(i^') = c^/a we have c(-ft') ^ 1 as ^ 1 by Lemma [87fl and the 
assertion follows. □ 

8.30. Problem. Is this Theorem true for kc instead of jg? 



CHAPTER 2 



Harmonic Quasiregular Mappings 

It is well known that if / is a complex-valued harmonic function defined in a 
region G of the complex plane C, then is subharmonic for p > 1, and that in the 
general case is not subharmonic for p < 1. However, if / is holomorphic, then is 
subharmonic for every p > 0. Here we consider /c-quasiregular harmonic functions 
(0 < < 1). We recall that a harmonic function is quasiregular if 

\df{z)\<k\df{z)l zeG, 

where 

We prove that |/|^ is subharmonic for p > 4fc/(l + k)"^ =: q as well as that the 
exponent q (< 1) is the best possible (see Theorem ll.ip . The fact that g < 1 
enables us to prove that if / is quasiregular in the unit disk © and continuous on 
D, then u{f,6) < const. Lj{f ,6), where uj{f,6) (respectively uj{f,6)) denotes the 
modulus of continuity of / on © (respectively see Theorem 12.11 

1. Subharmonicity of 

1.1. Theorem. |KPJ /// is a complex-valued k- quasiregular harmonic function 
defined on a region G (Z C, and q = Ak/{k + 1)^, then l/l"^ is subharmonic. The 
exponent q is optimal. 

Recall that a continuous function u defined on a region G C C is subharmonic 
if for all zq E G there exists e > such that 

1 Z"^'" 

(1.2) u{zo) < — / u{zo + re**) dt, 0<r <e, 

2vr Jo 

If u{zo) = |/(zo)P = 0, then (II. 2p holds. If u{zq) > 0, then there exists a neighbor- 
hood U of zq such that u is of class C^{U) (because the zeroes of u are isolated), 
and then we may prove that Am > on f/. Thus the proof reduces to proving that 
Au{z) > whenever u{z) > 0. In order to do this we will calculate Am. 

It is easy to prove that If n > is a function defined on a region in C, and 
a G M, then next two statements holds 

(1.3) A(u") = au"-^Au + a{a - 1)m"-2|VmP, 

(1.4) |VMp = 4|aM|2 and Au = Addu. 

49 
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1.5. Lemma. If f = g + h, where g and h are holomorphic functions, then 
(1.6) A(|/p)=4(|^f + |/^f). 

Proof. Since |/p = {g + h){g + h), we have 

/\{\f\')=Ad(h^{g + h) + {g + h)J') 
= A(h^h + g'^) 

= K\gr+\hr). 

□ 

1.7. Lemma. If f = g + h, where g and h are holomorphic functions, then 
(1.8) |V(|/r)r = + \W)\f\' + 8Re(^h'f'). 

Proof. We have 

M\ff)\' = Md{\ff)\' 

= M9'f + fhf 

= 4{\gf + \h'\')\f\' + 8Re(^h'f'). 

□ 

1.9. Lemma. If f = g + h, where g and h are holomorphic functions, then 
(1.10) A(|/r) = p\\gf + \hf)\fr' + 2p{p - 2)\fr'Re(^h'f') 
whenever f ^ 0. 

Proof. We take a = p/2, u = and then use ([01), (O) and to get 
the result. □ 

1.11. Proof of Theorem II. IL We have to prove that A{\f\P) > 0, where p = 
4k/{l + kf. Since p - 2 < 0, we get from ( fTTnll that 

A(i/n > vWg'? + wmr' + 2p{p - 2)\fry\ . \h'\ . i/p 

= p'yWm' + l)\fr' + 2p{p - 2)\g'\'\fr^m 
= p\g'\'\fr'W + m') + 2{p-2)ml 

where m = \h'\/\g'\ < k. The function m h- >■ p{l + m^) + 2{p — 2)m has a negative 
derivative (because p < 1 and m < 1), which imphes that 

(1 + m^)p + 2{p - 2)m > (1 + k^)p + 2{p - 2)k. 

On the other hand (1 + k'^)p + 2{p — 2)k > if and only if p > Ak/{1 + fc)^, which 
proves that |/|'^ is subharmonic. To prove that the exponent q is optimal we take 
f{z) = z + kz. By (HIOD, 

A(i/n(i) = p^i + + ky-^ + 2p{p - 2)(i + ky-^k. 
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Hence A(|/|p)(1) > if and only if 

p{l + k'^) + 2{p - 2)k > 0, 
which, as noted above, is equivalent to p > q. This completes the proof of Theorem 

[m □ 

2. Moduli of continuity in Euclidean metric 

For a continuous function / : D i-^ C harmonic in D we define two moduli of 
continuity: 

ujif,6) = sup{|/(e^^) - /(e^*)| : \e'' - e^*| <5,t,eeR}, 5> 0, 

and 

u{f,6) = sup{\f{z) - /HI ■.\z-w\<6,z,we3}, 6> 0. 

Clearly u{f,6) < oj{f,6), but the reverse inequality need not hold. To see this 
consider the function 



oo 



f{re'^) = 2^ ^ ^ — , re'^ e D. 

ra=l ^ 

This function is harmonic in © and continuous on D. The function v{6) = /(e*^), 
l^^l < TT, is differentiable, and 

dv ( — l)"-^^ sin n6 



n- 

9 



dO ^ n 

n=l 



1^1 < 



TT. 



2' 

This formula is well known, and can be verified by calculating the Fourier coefficients 
of the function Q t— > 6'/2, \d\ < vr. It follows that 

|/(e'^) - /(e^*)| < in/2)\e - 1|, -n < 9, t < 

and hence u!{f,6) < M6, 6 > 0, where M is an absolute constant. On the other 
hand, the inequality uj{f,6) < CM6, C = const, does not hold because it implies 
that \df/dr\ < CM, which is not true because 



/(re*^) = , for ^ = TT, < r < 1. 

or ^-^ n 

71=1 

However, as was proved by Rubel, Shields and Taylor |RST| . and Tamrazov 
|TA| . if / is a holomorphic function, then oj{f,S) < Cu!{f,S), where C is indepen- 
dent of / and 6. Here we extend that result to quasiregular harmonic functions. 

2.1. Theorem. [KPj Let f be a k- quasiregular harmonic complex-valued func- 
tion which has a continuous extension on D, then there is a constant C depending 
only on k such that oj{f,6) < Cu{f,6). 
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In order to deduce this fact from Theorem 11.11 we need some simple properties 
of the modulus u{f, 6). Let 

uoif, 6) = sup{|/(e^^) - fie'') \ \e - t\ < 5, t,e E M}. 

It is easy to check that 

(2.2) C-'tuoif,6)<Luif,6)<CuJoif,6), 
where C is an absolute constant, and that 

t^o(/, ^1 + "^2) < t^o(/, ^l) + t^o(/, "^2), ^1, ^2 > 0. 

Hence, u;o(/,2"5) < 2"cuo(/,5), and hence cJo(A(5) < 2Xujo{6), for A > 1,5 > 0. From 
these inequalities and 02. 2p it follows that 

(2.3) uj{f,X6) <2CXuj{f,S), A>1,(5>0, 
and 

(2.4) uj{f, 61 + 62) < Cuo{f, 61) + Cuo{f, 52), 5i, 52 > 0, 

where C is an absolute constant. As a consequence of (12.31) we have, for < p < 1, 

(2.5) f ^,;<c^. .>0. 



X 



where C depends only on p. Finally we need the following consequence of the har- 
monic Schwarz lemma (see [ABRJ). 

2.6. Lemma. If h is a function harmonic and hounded in the unit disk, with 
/i(0) = 0, the \h{i)\ < (4/7r)||/i|U|e|, for ^ e ©. 

2.7. Proof of Theorem 12. IL It is enough to prove that \ f{z) — f{w)\ < Ciu{f,\z — 
w\) for all z, w E 3, where C depends only on k. Assume first that z = r G (0, 1) 
and \w\ = 1. Then, by Theorem 11.11 the function {p{^) = \f{w) — f{^)\'^, where 
q = 4k/{l + ky < 1, is subharmonic in D and continuous on D, whence 

Since, by O, 

^(C)<(^(/,k-r| + |r-C|))'^ 

<cMfA^-r\y + cMfAr-C\y, 

we have 
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But simple calculation shows that 









e** — r 


2 



|r - e'*| = y (1 - r)2 + 4rsin2(t/2) X 1 -r + |t| (0 < r < 1, |t| < vr). 
From this, (O), and it follows that 

<Csiiuif,l-r)y 

<c,{uj{f,\w-z\)y. 

Thus \f{w) — f{z)\ < C^u^f, \w — z\) provided w G and z G (0, 1). By rotation 
and the continuity of /, we can extend this inequality to the case where w G d3 
and z eB. 

If < \w\ < 1, we consider the function h{C,) = f{C,w/\w\) — f{C,z/\w\), < 1. 
This function is harmonic in D, continuous on ©, and h{0) = 0. Hence, by the 
harmonic Schwarz lemma, inequality (11 .2^ . and the preceding case, 

|/H-/(^)| = IMkl)l 

< (4/7r)|w| ||/i||oo 

< Cq\w\ u{f, \w/\w\ - z/\w\ I) 

< CyUJ^f, \w\ I — z/\w\ I) 
= C7iu{f, \W - Z\), 

which completes the proof. □ 

3. Lipschitz continuity up to the boundary on i?" 

It is known, even for n = 2, that Lipschitz continuity of : T — > C, where 
T = {z E C : \z\ = 1} , does not imply Lipschitz continuity of u = P[(f)]. 
Here, for any n > 2, 



pmx)= [ p{x,omd(T{o, x^B^ 



where P{x,^) = is the Poisson kernel for the unit ball i?" = {x G -R" : |x| < 

1}, da is the normalized surface measure on the unit sphere 5"""^ and : 5"^^ i?" 
is a continuous mapping. 

Our aim is to show that Lipschitz continuity is preserved by harmonic exten- 
sion, if the extension is quasiregular. The analogous statement is true for Holder 
continuity without assumption of quasiregularity. 
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3.1. Theorem. |AKM| Assume cj) : 5*""^ RJ^ satisfies a Lipschitz condition: 

10(0 -0(r7)|< Lie -r^l, ^,V^S--' 

and assume u = P[(j)] : — * i?" is K-quasiregular. Then 

\u{x) — u{y)\ < C'\x — y\, x,y E B'^ 

where C depends on L, K and n only. 

D. Kalaj obtained a related result, but under additonal assumption of C^'" 
regularity of 0, (see |KA] ). 

Proof. The main part of the proof is the estimate of the tangential derivatives 
of M, and in that part quasiregularity plays no role. We choose Xq = r^o ^ B"', 
= l^^li ^0 £ S^~^. Let T = TxgrS"'~^ be the n — 1 dimensional tangent plane at Xq 
to the sphere rS*"^^. We want to prove that 



(3.2) 



\D{u\t){xo)\\ < C{n)L. 



Without loss of generality we can assume = and Xq = rCn- By a simple 
calculation 



dx. 



— nil — \x\ 



Hence, for 1 < j < n we have 
d 



dXj 







|xo-el"+'' 

It is important to note that this kernel is odd in ^ (with respect to reflection 
(^1, . . . ^j, . . . , e„) (^1, . . . , —^j, . . . , ^n)), a typical fact for kernels obtained by 
differentiation. This observation and differentiation under integral sign gives, for 
any 1 < j < n, 



du 
dxi 



n(l — r 
n{l — r^) 



2^ / 

gn-l 



\xo-^\ 



n+2 



Using the elementary inequality < 1^ — ^oli ^ 3 < ^ E ^) and 
Lipschitz continuity of we get 



du 



dxj 



< Ln{l-r^) 

< Ln{l-r^) 





_^|n+2 




_ ^ n+2 



daiO. 
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_ ^ n+2 



In order to estimate the last integral, we split 5" ^ into two subsets E = ^ 
•5"-^ : l^-^ol < andF = G 5"-^ : |^-^o| > 1-^}- Since |^-a;o| > l-|xo| 

for all ^ G 5*"^^ we have 



Jo 

n + 1 

On the other hand, |^ — < ~ for every ^ G F, so 









_^|n+2 



2 

— n _n— 2 ^ 



Combining these two estimates we get 



dx 



< LC{n) 



for 1 < i < n. Due to rotational symmetry, the same estimate holds for every 
derivative in any tangential direction. This establishes estimate (|3.2I) . Finally, K- 
quasiregularity gives 



\\Du{x)\\ < LKC{n). 
Now the mean value theorem gives Lipschitz continuity of u. □ 

3.3. Problem. (1) Can one prove similar result for other type of moduli 
of continuity, as was done in Section 2 in the planar case? 
(2) The same questions can be posed in other smoothly bounded domains. 

4. Bilipschitz maps 

Bilipschitz property of harmonic quasiconformal mappings on the unit disc was 
investigated in |MAT| . A different approach to the following theorem is given in 
IMATlj . 

4.1. Theorem. Suppose D and D' are proper domains in M^. If f : D — > D' 
is K-qc and harmonic, then it is bilipschitz with respect to quasihyperbolic metrics 
on D and D' . 
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Proof. Since / is harmonic we have locally, representation 



f{z)=giz) + hiz), 

where g and h are analytic functions. Then Jacobian Jf{z) = Ig^z)]"^ — > 

(note that g'{z) 7^ 0). 
Futher, 

M^) = Wi^)\' (1 - = Wi^)\' (1 - H^)n , 

where uj{z) = is analytic and \uj\ < 1. Now we have 



1 

log——- = -21og|5f'(2;)| - log(l - \uj{z) 

J f[Z] 



>f 

The first term is harmonic function (it is well known that logarithm of moduli 
of analytic function is harmonic everywhere except where that analytic function 
vanishes, but g\z) 7^ everywhere). 

The second term can be expanded in series 



k ' 

A;=l 

and each term is subharmonic (note that u is analytic). 

So, — log(l — |c<j(2;)p) is a continuous function represented as a locally uniform 
sum of subharmonic functions. Thus it is also subharmonic. 

Hence 

(4.2) log is a subharmonic function. 

Jf[z) 



Note that representation f{z) = g{z) + h{z) is local, but that suffices for our 
conclusion (14. 2p . 

By the definition from [AG, Definition 1.5] 

af{z) = exp (^^(log Jf)B,^ , 

where 

(log J/)b^ = / log Jf dm, B, = B{z, d{z, dD)). 

m[B^) 

In the case n = 2 we have 
From ( 14. 2p we have 

1 f , I , , . , 1 



(Tj\ I -rr^ dm{w) > log ■ 
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Combining this with (I4.3p we have 

1 A, 1 

> exp - log 



and therefore 

^J7^ ^ af{z). 

On the other hand, we have Theorem [AG, Theorem 1.8]: 

Suppose that D and D' are domains in M" if / : D — > D' is K-qc, then 

for X E where c is a constant wich depends only on K and n. 
From first inequality of this theorem we have 

liHf{x),dD') 



Note that 

Jj{z) = \g'iz)\'-\h'iz)\'<\g'iz)\' 

and by i^-qclity of /, \h'\ < k\g'\, < k < I, where K = 
This gives J/ > (1 - k^)\g'\'^. Hence, 

v/j^x|^'|x|^'| + |/^'l = ll/'WII- 
Finally f l4.4p and the above asymptotic relation give 

c a(x, aiJ) 

For the reversed inequality we again use Jf{z) > (1 — k'^)\g' {z)\'^ , i.e. 

(4.5) ./j^)>Vr^'\g'iz)\ 
Further, we know that for n = 2 

af{z) = exp ( p / log \/jf{x) dni{w 
Km^Bz) Jb, V 

Using (1431) 

/p s / log Jjf{x)dm{w) > , p , / log Vl - + log | rfm( 

= log Vl — fc^ H 777T- / log (im(w 

= iogx/r^+iog|(7'(z)|. 



w] 
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Now we have by harmonicity of log \g'\ 



af{z) = exp (^ ^^^ ^ j log ^/jj^rfm(w) 
> exp(log Vl — + log 



yl — }?\g\z) 



1 



> -Vl^{\g'\ + \h'\) 



^ ^11/11. 

Again using the second inequality in [AG, Theorem 1.8] 

d{f{z),dD') 



\\r\\<,c^ljXz)^caf{z)^c 

Summarizing 

ll/'WII 



d{z,dD) 
d{f{z),dD') 



d{z,dD) ■ 

This pointwise result, via integration along curves, easily gives 

ko'ifizi), f{z2)) X k^izi, Z2). 



4.6. Problem. Is Theorem 14. II true in dimensions n > 3? 
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